arXiv: 1503.04649vl [quant-ph] 16 Mar 2015 


Optimal quantum violation of Clauser-Horne-Shimony-Holt like steering inequality 


Amp Roy,* Some Sankar Bhattacharya, Amit Mukherjee, and Manik Banik 
Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B. T. Road, Kolkata jooioS, India. 

We study a recently proposed Einstein-Podolsky-Rosen steering inequality [arXiv- 1412.8178 (2014)]. 
Analogous to Clauser-Horne-Shimony-Holt (CHSH) inequality for Bell nonlocality, in the simplest 
scenario, i.e., 2 parties, 2 measurements per party and 2 outcomes per measurement, this newly 
proposed inequality has been proved to be necessary and sufficient for steering. In this article, using 
an equivalence between measurement incompatibility (non joint measurability) and steering, we find 
the optimal violation amount of this inequality in quantum theory. Interestingly, the optimal violation 
amount matches with optimal quantum violation of CHSH inequalify, i.e., Cirel'son quantify. We 
furfher sfudy the optimal violation of this inequality for differenf biparfite quantum states. To our 
surprise we find that optimal violation amount is different for different 2-qubit pure entangled states, 
which is not the case for all other existing steering inequalities. 


I. INTRODUCTION 

The phenomenal argument by Einstein, Podolsky and 
Rosen (EPR) in 1935 [1] to demonstrate the incomplete¬ 
ness of quantum mechanics, struck Schrodinger with the 
concept of 'steering' [2]. However, only recently, Wise¬ 
man et al. have formalized fhe concept of steering in the 
form of a task [3, 4]. The task of steering can be seen 
as one's inability to construct a local hidden variable- local 
hidden state (LHV-LHS) model that reproduces a given 
bipartite correlation. The work of Wiseman et al. has 
generafed an immense inferest in the study of this steer¬ 
ing phenomenon [5-10]. On the other hand, the concept 
of sfeering has been exfended for mulfiparfife case and 
fhe idea of n-partite genuine mutipartite steering have 
been explored [11]. Unlike the two well studied non 
classical correlations, namely nonlocality [12] and entan¬ 
glement [13], there is an inherent asymmetry in the task 
of steering. This is because in case of steering, on one 
subsystem (which is being 'steered') the statistics must 
arise out of a valid measurement on a valid quantum 
state but no such constraint is required for the other 
subsystem. Here in addition to the simplicity of Bell's 
assumptions of local causality one must also perform 
frusted measurements on one subsystem, whereas the 
other subsystem need not be trusted [14]. 

Apart form the foundational interest, the study of 
steering also finds applications in semi device independ¬ 
ent scenario where only one party has trust on his/her 
quantum device but the other party's device is untrusted. 
As a concrete example it has been shown that steering 
allows for secure quantum key distribution (QKD) when 
one of the parties cannot trust their devices [15]. One 
big advantage in this direction is that such scenarios 
are experimentally less demanding than fully device¬ 
independent protocols (where both of fhe parties dis¬ 
trust their devices) [15] and, at the same time, require 
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less assumptions than standard quantum cryptographic 
scenarios [16]. 

In 1964, Bell sought a way to demonstrate that cer¬ 
tain correlations appearing in quantum mechanics are 
incompatible with the notions of locality and reality aka 
local-realism (LR), fhrough an inequalify involving meas¬ 
urement statistics [17]. A violation of such inequality 
implies the usefulness of correlations for EPR argument. 
In 1969, Clauser-Horne-Shimony-Holt (CHSH) proposed 
a set of simple Bell inequalities which are easy to realize 
experimentally [18]. In the same spirit of Bell's inequal¬ 
ify in non-localify, several sfeering inequalities (SI) have 
been proposed [19-23], so that a violation of any such 
sfeering inequalities can render a correlation to be steer¬ 
able. But an unavoidable hindrance to formalize such 
Sis follows from the fact that steering scenario is device¬ 
independent only on one-side. 

Recently Cavalcanti et al. have proposed a CHSH-like 
inequality for quantum steering [24]. They have derived 
an EPR-steering inequality that is necessary and suffi¬ 
cient for a set of correlations in the simplest two-party 
scenario involving two measurement settings per site 
and two outcomes per measurement, with mutually un¬ 
biased measurements at trusted party. In this article 
we derived the tight optimal quantum violation of the 
EPR-steering inequality proposed in [24]. We have also 
studied the violation amount of this inequality for dif¬ 
ferent well-known classes of 2-qubit states. Interestingly, 
we find that for different 2-qubit pure entangled states 
the optimal violation amount of this inequality differ. 
Note that, for all other existing Sis such difference is not 
observed. 

The organization of this article goes as follows: we 
first briefly review few existing steering inequalities 
along with the newly proposed CHSH like steering in¬ 
equality. Then we show that the optimal violation of 
this CHSH like steering inequality in quantum theory 
is restricted to 2-\/2. Then we study how the optimal 
violation amount of fhe CHSH like inequalify varies for 
differenf enfangled sfafes. 
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II. STEERING INEQUALITIES 

To test EPR steering Reid first proposed a testable 
formulation for continuous-variable systems based on 
position-momentum uncertainty relation [19] which was 
experimentally tested by Ou et al [21]. Cavalcanti et al. 
developed a general construction of experimental EPR- 
steering criteria based on the assumption of existence of 
LHS model [20]. Importantly this general construction is 
applicable to both the discrete as well as the continuous- 
variable observables and Reid's criterion appears as a 
special case this general formulation. On the other hand, 
Walborn et al. formulated a steering inequality based 
on Bialynicki-Birula and Mycielski's entropic position- 
momentum uncertainty relation [22, 23]. As the entropic 
uncertainty relation implies Heisenberg's uncertainty 
relation, hence the set of states violating Walborn et 
al.'s steering inequality contains all the states violating 
Reid's inequality. Thus Walborn et al.'s steering criterion 
is more powerful than Reid's one. However this is true 
for continuous variable case only, not for the discrete 
case. In all instances the violation of the aforementioned 
inequalities by different pure entangled states are the 
same. 

All of these steering inequalities have been proved to 
be as sufficient conditions for witnessing steering in bi¬ 
partite quantum systems. But none of these condition is 
supposed to be a necessary and sufficient condition for 
steering. Search for such an necessary and sufficient con¬ 
dition has been culminated in a recent development by 
Cavalcanti et al. [24]. They have proposed an CHSH like 
EPR-steering inequality that is necessary and sufficient 
for the set of correlations in the simplest scenario in¬ 
volving two settings and two outcomes per setting, with 
mutually unbiased measurements at trusted end. At this 
point it is interesting to ask the following questions: 

(a) what is the optimal violation of this newly pro¬ 
posed CHSH like steering inequality in quantum 
theory? 

(b) how the violation amount of the concerned in¬ 
equality depends on the state? 

We provide a definite answer for the first question and 
study the second one for some classes of states. 

III. MAXIMUM VIOLATION OE CHSH-LIKE 
STEERING INEQUALITY 

Let us first briefly review the steering scenario as 
introduced by Wiseman et al. [3, 4]. Given a pair of 
systems at Alice and Bob, denote Va and the sets 
of observables in the Hilbert space of Alice's and Bob's 
system, respectively. An element of 'Da is denoted by 
A, with a set of outcomes labeled by a G C(A), and 


similarly for Bob. The joint state p^B of the system is 
steerable by Alice iff it is not the case that for all a G 
£(A), h G C(B), A G Da, B G D^, the joint probability 
distributions can be written in the form 

P(a,blA,B;pAB) = ^ p(A)p(fl|A, A)P(b|B;pA), (1) 

A 

where p(a\A,A.) denotes an arbitrary probability distri¬ 
bution and P[b\B;p,\) denotes the quantum probability 
of outcome b given measurement B on state p\. In other 
words the state p^B will be called steerable if it does 
not satisfy a LHV-LHS model. Note that, if for a given 
measurement strategy the correlations have a LHV-LHS 
model, this does not imply that the underlying state is 
not steerable, since there could be another strategy that 
does not. In the simplest scenario where Alice and Bob 
each have a choice between two dichotomic measure¬ 
ments to perform: {^1,^2}, {Bi,B2}, and outcomes of 
A are labeled a G {— 1 ,-|- 1 } and similarly for the other 
measurements, the authors of ref. [24] derived a neces¬ 
sary and sufficient criterion for steering which reads 
as: 

S = ((Al -|- A2 )Bi)^ -|- ((Al -h A2)B2)^ 

+ \/((^1 “ ^2)Bi)^ + ((Al — A2)B2)^ < 2 . (2) 

We know that, in the simplest Bell scenario which in¬ 
volves two observers with 2 dichotomic measurements 
per site, the set of local correlations lies in a polytope 
(LHV polytope) with CHSH inequality providing the 
non trivial facets of the LHV polytope. In the steer¬ 
ing scenario with similar settings the set of correlations 
having LHV-LHS description also form a polytope. 

One of the authors of this article, along with other 
collaborators, have shown that measurement incom¬ 
patibility limits the Bell-CHSH inequality violation in 
quantum theory to CireTson bound [26]. Adopting sim¬ 
ilar approach and using a recently established connec¬ 
tion between measurement incompatibility and steering, 
we derive the optimal quantum violation of the steer¬ 
ing inequality (2). Before establishing this result we 
first briefly review the concept of measurement incom¬ 
patibility and the concept of unsharp measurement in 
quantum theory. 

Measurement incompatibility: In the case of projective 
measurements, compatibility is uniquely captured by 
the notion of commutativity. Non commutative pro¬ 
jective measurements in quantum mechanics do not 
admit imambiguous joint measurement [27]. With the 
introduction of the generalized measurement i.e. posit¬ 
ive operator-valued measures (POVMs) [28, 29], it was 
shown that observables which do not admit perfect joint 
measurement, may allow joint measurement if the meas¬ 
urements are made sufficiently fuzzy [30, 31]. Therefore, 
for general measurements there is no unique notion of 
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compatibility. In this article measurement incompatibil¬ 
ity is captured by non joint measurability [32]. 

Mathematically, a POVM consists of a collection of 
operators which are positive, > 0 V a, 

and sum up to the identity, = 1 . Here a de¬ 

notes measurement outcome and x denotes measure¬ 
ment choices. Physically, any POVM can be realized 
by first letting the physical system interact with an 
auxiliary system and then measuring an ordinary ob¬ 
servable on the auxiliary system. A set of m POVMs 
{is called jointly measurable if there exists a meas¬ 
urement {A^} with outcome a = [flx=i/^x=2/”v«x=m] 
where Ux G {0,1,.., n} gives the outcome of measure¬ 
ment, i.e., 

Air>0, ^A^ = l, Y, Aij = A„\x'^ X. (3) 

Cl 


where a\ax stands for the elements of a except for Ux- 
Hence, all POVM elements are recovered as mar¬ 
ginals of the mother observable Aj. 

Unsharp measurement: Let us consider two dichotomic 
quantum measurements Ai and A2, which are not jointly 
measurable. Denoting eigenvalues of these operator 
as ±1, the expectation value over some state cr can be 
expressed as: 


{Ak)a — P( + l|^i:) - P(“l|^)c)/ ^ G {1/2}; 

where p(±l|Aj-) = Tr(A^c7'), with A^ being the POVM 
elements corresponding to ± 1 . The unsharp of fuzzy 

observable is given by aI*^^ := I > 

=l},with 


aMv) 


l±r] 

2 


K + 


2 




Here t] G ( 0 , 1 ] is known as "unsharpness parameter" 
and the fraction is called "degree of reality" [31]. It 
may happen that the observables Aj and A2 do not allow 
any joint measurement, but with introduction of suffi¬ 
cient amount of unsharpness, there unsharp versions 

A\‘ and A^'^ may allow joint measurement. In ref.[26], 
the authors have proved that given any d-dimensional 
quantum system, joint measurement for imsharp ver¬ 
sions of any two dichotomous observables Aj and A2 
of the system is possible with the largest allowed value 
of the unsharpness parameter popt = Note that the 

(n) 

expectation value of an unsharp observable A}” over 
some quantum state a is related to the expectation value 
of its sharp version in the following manner. 


— h{^k)(r- ( 4 ) 


(17 ) 

Similarly, if Alice performs unsharp measurement A^' 
on her part and Bob performs sharp measurement Bj on 


his part of a bipartite shared state than we have, 

(5) 

Except from quantum entanglement, another neces¬ 
sary ingredient which is necessary for study of quantum 
nonlocality is the existence of incompatible set of meas¬ 
urements. In the simplest bipartite scenario Wolf et al. 
showed that any set of two incompatible POVMs with 
binary outcomes can always lead to violation of the 
CHSH-Bell inequality [33]. But, recently in refs. [34, 35] 
the authors have proved that this result does not hold 
in the general scenario where numbers of POVMs and 
outcomes are arbitrary. However in this general settings 
the authors of [34, 35] have established a connection 
between measurement incompatibility and a weaker 
form of quantum nonlocality i.e., EPR-Schrodinger steer¬ 
ing. They have shown that for any set of incompatible 
POVMs (i.e. not jointly measurable), one can find an 
entangled state, such that the resulting statistics viol¬ 
ates a steering inequality. Please note that, one of the 
authors of this arhcle has recently proved that connec¬ 
tion between measurement incomparability and steering 
holds for a more general class of tensor product theories 
rather than just Hilbert space quantum theory [36]. 

Let Alice performs a measurement assemblage {Ag|^} 
on her part of a bipartite shared quantum state 
Upon performing measurement x, and obtaining out¬ 
come a, the (un-normalized) state held by Bob is given 
^a\x = Tr(A„|^ ® IpAs)- The normalized state on Bob 
side is given by an\x/"C^k:[aa\x)- Also we have Yja ^a\x = 
cra\x' for X 7^ x', which actually ensure no signaling 
from Alics to Bob. The state assemblage {cr„\x} is un- 
steerable iff it admits a decomposition of the form 

‘Xalx = 7r(A)p(fl|x, A)c7-;^, V a,x, (6) 

where 7r(A) = 1 . Existence of such decomposition for 
state assemblage on Bob's side ensures that the statistics 
obtained from the state p^g admits a combined LHV- 
LHS model of the form of Eq.(i). The authors in refs. [34, 
35] have shown that the assemblage {( 7 ^|x}/ with = 
Tr(Aa|^ (g) Ipj^g), is un-steerable for any state p^B acting 
on (g C'^ if and only if the set of POVMs {A^j^x} acting 
on is jointly measurable. As a corollary of this result 
we can say that 

Corollary 1: The assemblage {Ga|j.}, with = 
tr^(Ag|^ (g IpAs) and x G { 1 , 2 }, is unsteerable for any 
stafe Pab acting in (g if and only if the set of 
POVMs {A^|j.} acting on C‘^ is jointly measurable. 

At this stage, we are now in a position to prove our 
main result, which is described in the following theorem. 

Theorem 2: Consider a composite quantum system 
composed of two subsystem with state spaces TLi and 
4/2, respectively. For any pair of dichotomic observables 




4 


411,^2 for the first system and the mutually unbiased 
dichotomic observables Bi, B2 for the second system 
and the joint state p^B acting on j (g) 4^2/ we have the 
following inequality: 


where i]opt is the ophmal imsharpness parameter that 
allows joint measurement for any two dichotomic 
quantum observables. 


Proof: Let us consider two arbitrary dichotomic observ¬ 
ables on Alice side, x e { 1 / 2 } and a e { — 1 ,-|- 1 }. 

These two observables in general may not allow joint 
measurement. However, introduction of unsharpness 
makes it possible to measure the unsharp version of 
these two observables jointly. Let the optimal imsharp¬ 
ness is riopt which allows joint measurement for any two 
dichotomic observables. 

Now according to Corollary 1 , as far as observables on 
Alice's side are jointly measurable, they will not violate 
any steering inequality and hence the steering inequality 
(2). Thus we have 


Now using the expressing from Eq.(5) we get. 


\/ ((^1 + 4 l 2 )Bl)^ + ((^1 + ^2)62)^ 

+ \/((^1 “ 2^2)61)^ + ((Aj — ^2)62)^ < -• 


The value of i]opt in quantum theory is proved to be 
1 / \/2 [26]. Therefore the upper bound of the steering 
inequality (2) in quantum theory is 2 -v/ 2 , i.e., S < 2 -v/ 2 , 
which is numerically equal to the celebrated CireTson 
value. Naturally the question arises whether this value 
is tight or not. In the following section we answer this 
question affirmatively by showing that sharing a max¬ 
imally two qubit entangled state with suitable choice of 
measurement, this value can be achieved in quantum 
theory. 


IV. VIOLATION OF STEERING INEQUALITY BY 
DIEEERENT STATES 

In this section we study the optimal violation of the 
steering inequality (2) for different given entangled 
states. 

Observation 1: S°P^ is different for different 2 -qubit 
pure entangled states. 

Consider that an arbitrary 2-qubit pure entangled 
state \iP)ab = fl|00),4B -I fc|ll)nB (|«P + \b\^ = 1 ) 
is shared between Alice and Bob. Alice performs 
measurements Aj = ^(I-hm.d) and A2 = 5(I-|-n.(7) 
on her part of the entangled particle where |m|, |n| < 1. 
Similarly Bob performs measurements = j (I -|- c.u) 
and B2 = 2(1 + d.a) on his part of the entangled 


particle where |c|, |rf| < 1 and c.d = 0, i.e. Bi,B2 are 
mutually unbiased qubit measurements. Varying over 
the measurement directions of Alice and Bob we have 
numerically found the optimal violation amount of 
the steering inequality (2) for a given 2-qubit pure 
entangled state and in Fig.i we have plotted it with 
respect to state parameter a. From Fig.i it is clear that 



Figure 1. (Color on-line) The optimal violation of the steering 
inequality (2) for different 2-qubit pure entangled states. 

all 2-qubit pure entangled states violate the steering 
inequality (2). It is important to note that the ophmal 
violation amount is different for different states with 
maximally entangled state providing the maximum 
violation I'Jl where Alice performs measurement in the 
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directions Aj = (- 0 . 158719 ,- 0 . 9556 ,- 0 . 248268 ) 

and A2 = ( 0 . 632668 , 0 . 0946074 ,- 0 . 768622 ) 

and Bob's MUB measurements look like 
Bi = (- 0 . 268126 ,- 0 . 697672 , 0 . 666859 ) and 

B2 = (- 0 . 597419 ,- 0 . 659831 ,- 0 . 455756 ). Please 

note that except from the steering inequality considered 
here, for all other existing steering inequalities the 
violation amount does not change with respect to 
different pure entangled states. 

Observation 2: for 2 -qubif Werner class of sfafes. 

Consider thaf Alice and Bob share the Werner state 
+ (1 - w)| ® where \iP~)ab = 
;^(|01),4B “ | 10 )nB) is the singlet state. Likewise in the 
previous case, varying over the measurement setup of 
Alice and Bob we find the optimal violation amoimt 
of the steering inequality (2) for different Werner state 
and plot this values in Fig. 2. From Fig.2 it is clear that 



Figure 2. (Color on-line) The optimal violation of the steering 
inequality (2) for 2 -qubit Werner class of states. 

Werner states violate the steering inequality for ® 


and the violation amoimt increase with the parameter 
w. 

V. CONCLUSION 

There have been several attempts to quantify quantum 
steering. Two most recent instances are 'steerable weight' 
[37], 'steering robustness' [38] and 'relative entropy of 
steering' [39]. But all of these proposed quantifiers as¬ 
sign same value for all pure enfangled slates [39]. At 
this point our observation becomes interesting. Since the 
amount of violation can also be shown to be non increas¬ 
ing under steering non-increasing operations (SNlOs) 
[39], one can take this amount of violation fo be a valid 
quantifier of quantum steering. Our study stipulates 
further studies whether some semi device independent 
protocol(s) can be deigned whose payoff scales with viol¬ 
ation amount of fhe sfeering inequalify considered here. 
In such case different violation amount of the steering 
inequality by different pure entangles states will have 
an operational explanation. 

We also find the violation of the CHSH like steering 
inequality by 2 -qubit Werner states. The inequality is 
violated by Werner states if ic > ^ and beyond this 
value it follows a trait- the more entangled the state, 
more is the violation. We also find fhaf fhe violation of 
fhis sfeering inequalify in QM is fighfly upper bounded 
by 2 i/ 2 , the well known CireTson quantity. 
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